NYCMT 2024-2025 Homework #3
Solutions

NYCMT
November 2024

Problem 1. Let ay,b;,c; be positive integers such that af + b = 2, and let

as, by, ca be positive integers such that a3 + b3 = c3. Characterize all cases where
(CLl + a2)2 + (bl + b2)2 = (Cl + 02)2.

Answer. |(ag,bs) is a scalar multiple of (ay,b;)

Solution. Consider a triangle in the plane that has vertices (0,0), (a,b;1), and

(a1 + ag, by + by). Tts side lengths are y/a? + b2 = ¢1, \/a3 + b3 = ¢y, and

\/(Gh +a9)? + (by + b3)? = ¢1 + co.

By the Triangle Inequality, this is only possible when the triangle is degenerate
and the vertices are collinear. Thus, it must be the case that

aq . b1
(05} N bz’
so (ag, by) is a (not necessarily integer) scalar multiple of (a1, by). O



Problem 2. Two acute angles a and b satisfy sin®(a) + sin?(b) = sin(a +b). Prove
that a +b= 7.

T _

5 — b. We want to show that a = ¢, given

Solution. Let ¢ =

sin?(a) + sin?(b) = sin(a) cos(b) + cos(a) sin(b),
or equivalently,

sin?(a) + cos?(c) = sin(a) sin(c) + cos(a) cos(c).
Rearranging, we get

sin®(a) — sin(a) sin(c) = cos(a) cos(c) — cos*(c),
and factoring both sides, this simplifies to

sin(a) - (sin(a) — sin(c)) = cos(c) - (cos(a) — cos(c)).

Since a and b are acute, we know that a,b € [0, ]. Thus, sin(a) and cos(c) are both
positive. Furthermore, notice that for x € [0, 7], sinx is strictly increasing and
cos x is strictly decreasing. Thus, if a # ¢, then sin(a) — sin(c) and cos(a) — cos(c)
must be opposite signs, so there are no solutions when a # c.

When a = ¢, we get sin®(a) + cos?(a) = sin(a)sin(a) + cos(c) cos(c), which is
clearly true. O



Problem 3. Prove that for arbitrary reals 1, s, ..., 2, € [0, 1], we have that
(1 + a9+ -+, +1)2 >4t + 22+ +22).

Solution. We prove the result through induction on n.
Base Case: n =1
We want to show that for z; € [0, 1],

(z1 +1)* > 4z,
Notice that for z; € [0,1],
(3xy + 1)(z1 — 1) <0.
Expanding this and adding 2% on both sides, we get
4o — 271 — 1 < 27

Adding 2x; + 1 to both sides produces the desired inequality. The base case thus
holds.

Inductive Hypothesis: We assume the claim is true for n = k, where k is a positive
integer. That is, we assume that given x, zs, ...,z € [0, 1], we have that

(T14+ 2o+ +ap+ 1) > 4(af + 25+ +27).

Inductive Step: We want to show that the claim is true for n = k + 1. In other
words, we want to show that given xq,xs, ..., 2541 € [0, 1], we have that

(x1+$2+-..+$k+1+1)2 24($?+x3+‘“+$i+1)-
WLOG let 1 > 9 > -+ > x441. We claim that

3
x1+~~~+xk+12§xk+1.

If 201 < %, then %ka < 1. Since all z; € [0, 1],

3
$1+...+gjk+1212§$k+17

as desired. If xp,q > %, then because 1 > x5 > --- > xpy1 and k is a positive
integer (so k > 1), we have that

2 3 3
x1+"'+$k+1>§+1>525xk+1’

since we're given that xy1 € [0,1]. This proves the claim. We can take this claim
and multiply both sides by 2zx41 and then add z7,; on both sides, producing the
following inequality:

2xpp(T1 + -+ + 1) + 2, > 4xi,,.
By the inductive hypothesis,
(21 4w+ 1) > 4] + -+ 2f).
Adding the two inequalities, we get that
(1 + 4 a+ 1)+ 201 (v + - Fap+ 1) + 2y > 4]+ +27) + 4ai,,

SO
(w14 +ap+ 1) o) > 47+ 4 27 + 27,),

as desired. This completes the proof by induction on n. O



Problem 4. Let ABC be a triangle with perimeter 1. The A-excircle touches
AB and AC at P and ). The line passing through the midpoints of AB and AC
meets the circumcircle of APQ at two points X and Y. Find the length of XY

Answer. |1/2

Solution 1. Let I4 be the A-excenter of AABC. Then since the excircle is tangent
to lines Zg and AC', we have that

ZAPIy = ZAQI, = 90°,

so I, lies on the same circle as A, P,Q, X,Y. Let D be the point where the A-
excircle of AABC touches BC.

Lemma. Lines w and Aﬁ intersect on (APQ).
Let lines @ and Aﬁ intersect at X’. Note that

/QX'Iy=/DX'B=180°—- /X'BD — /X'DB = /CBI, — ZCDQ.

Because B4 bisects ZC BP, we have that

1 . 1
and by the Two Tangent Theorem, C'D = C'QQ, so

1 . 1
Thus,
1 1 1
ZQX'I, = 5(414 +/£C) — 540 = EAA = ZLQAly,,

since Al, is a bisector of ZA. This implies the desired result.

Lemma. Let lines AX’ and % intersect at £. Then X’ is the midpoint of



AL,
First, notice that since X’ lies on (APQ),

LAX'B=/AX'TH =90°.

Furthermore, we know that BX’ bisects ZABE, since X', B, and I4 are collinear.
Thus, AABFE must be isosceles with AB = BE, implying the result.

We can similarly let Y’ l&he intersection of % and Aﬁ, and let I’ be the
intersection of and AY’. By symmetry, Y’ also lies on (APQ) and is the
midpoint of AF. Then X'Y’ must be a midline of AAFEF, so it must be a midline

of AABC as well. Since we also know that X’ and Y’ line on (APQ), this implies

that X = X' and Y =Y.

Now notice that since BDI4P is a cyclic quadrilateral,
/XYP=/XIyP=/BIyP=/BDP=/BPD = /APY,

implying that AX PY is an isosceles trapezoid. Thus, XY = AP. Now notice that
AP = AQ by the Two Tangent Theorem, and that

AP+ AQ =AB+BP+AC+CQ=AB+BD+ AC+CD =1,
since the perimeter of AABC is 1. Thus,

XY:AP:,

as desired. O
Solution 2. (Power of a Point Bash) Let a = BC, b = AC, and ¢ = AB. Further-

more, let M and N be the midpoints of AB and AC, respectively. Then AM = 5
AN = %, and M N = 5. As shown at the end of the first solution, AP = AQ and
both have length equal to half the perimeter of AABC. Thus,

a+b a+c

and NQ = 5

MP =




Now let x = XM and y = Y N. Using Power of a Point, we know that
XM -MY =AM - MP and YN - NX = AN - NQ,

so we can set up the following system of equations:

{ﬂﬁ(%ﬂ/) =5 (%)

2
y(5+a) =559

Expanding both equations, we obtain the following system:

ya __ ab+tcb
T =

{l’y + % — cai—cb
Subtracting these two equations, we get that

ra—ya  ca—ab
2 47

SO

rT—y=
— % + y into the second equation in the original system to
(@+c b+ )_b<a+c>
NeTa 27 T\ )
Expanding and moving all the terms to one side, we get the equation
2+<a+c b) b(a—i—c)_

Y e T2/ o ) T

Notice that this factors into

(1-3) (+5+5) -

Thus, either y = g or y = —2 — £ but the latter is not possible because a, ¢, and

27 2
y are all positive. So y = b

We can substitute x =
get

<
2

3, and since v —y = § — g, we find that x = 7. Thus,

a a+b+c 1
XY: —_ = — | -
x+2+y 5 5 |

as desired. [



Problem 5. Find all non-negative integer solutions (w, x,y, z) with w <z <y <
2 which satisfy w? + 22 + y? + 2% = 22004,

Answer. | (21001 21001 91001 91001y o (0, 0,0, 2'002)

Solution. Note that the only possible squares mod 8 are 0, 1, and 4, where 1 is
achieved by any odd square, and 0 and 4 are achieved by even squares. Since

w? + 22 P +22=0 (mod 8),

which is impossible if any of the squares are 1 (mod 8), it must be the case that
w?, 2%, y%, and 2% are all even squares, and thus divisible by 4. We can then let
w = 2wy, r = 2x1, y = 2y1, and z = 221, so

22 2 2 52002
wi + )y e =27

Since 22092 is still divisible by 8, we see that w;, 21, 1, and z; are also all even,
and letting wy, = 2wy, 1 = 229, Y1 = 2yo, and z; = 225 gives

2 2 2 2 _ 52000
wy + 5 Yy 25 =27
We may descend until
2 2 2 2 o2 _
Wipo1 + TTo01 + Yioor T Z1001 = 2° =4,

by which point it is clear that the only solutions are wigor = %1001 = Y1001 =
z1001 = 1 and wigo1 = T1001 = Y1001 = 0, 21001 = 2. Working backwards, since
w = wigoy - 2% (and symmetrically for the other three variables), our two solutions

are | (21001 21001 91001 91001y and (0,0, 0,2'°%?) | as desired. ]




Problem 6. Alice and Bob play a game of popping bubble wraps. There is a
square sheet of 6 by 6 bubbles, and each person takes turns popping however many
bubbles they want in one specific row only, with Alice going first. Whichever player
pops the last bubble loses. Who wins with optimal play?

Answer.

Solution. Due to the symmetric nature of the rows, Bob employs a copycat strategy
with some nuances:

1. For any number of bubbles Alice removes on her turn in one row, Bob removes
the same number of bubbles from a different row. These two rows are forever
linked in symmetry, where if Alice removes bubbles from one row, Bob will
remove the same number from the other. Hence, the number of bubbles in
each pair of rows stays the same.

2. Bob will lose if he continues employing this copycat strategy until the very
end, as he is bound to take the last bubble. However, Bob can change the
outcome of the game towards the very end, when every row has one or no
bubbles left and the parity is set. As the strategy in (1) is played out, the
number of bubbles must invariably go down, until there exists only one row
that contains more than one bubble. This is guaranteed by the strategy in
(1), since the parity of rows with a bubble count greater than 1 is always even
during Alice’s turn. Assessing the remaining bubbles left, Bob can remove all
the bubbles in the last row or all but one, fixing the outcome of the remainder
of the game by parity.

As an example, consider the following game. Let the ordered 6-tuple (a1, as, ag, - - - , ag)
denote the number of bubbles left in rows 1,2,3,--- ,6, respectively.
O

Alice’s Move Bob’s Move

AN TN NN NN
coocoocoo
coooo o
COoONMNO D

— = =W o O
— = W oY D

NN DN DD
—_— DT

Table 1: Bob Wins



